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We investigate the eﬃciency and stability of R&D networks in a model with networkdependent indirect spillovers. We show that the eﬃcient network structure critically
depends on the marginal cost of R&D collaborations. When the marginal cost is low, the
complete graph is eﬃcient, while high marginal costs imply that the eﬃcient network is
asymmetric and has a nested structure. Regarding the stability of network structures, we
show the existence of both symmetric and asymmetric equilibria. The eﬃcient network is
stable for small industry size and small cost. In contrast, for large industry size, there is a
wide region of cost in which the eﬃcient network is not stable. This implies a divergence
between eﬃciency and stability in large industries.
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1. Introduction
This paper investigates the eﬃciency and evolution of networks of ﬁrms engaged in costly R&D collaborations. Collaborations among ﬁrms in inventive activities have become very common, especially in those industries characterized by rapid technological change (e.g. the pharmaceutical, chemical and computer industries, see Hagedoorn, 2002;
Powell et al., 2005). R&D collaborations allow ﬁrms to directly combine the knowledge, skills and physical assets needed
to innovate. In addition, they provide access to indirect spillovers, by serving as conduits through which knowledge and
information can spread across ﬁrms (see Ahuja, 2000; Powell et al., 2005). As a consequence, collaborations do not occur
between two isolated actors, but rather involve ﬁrms that are already part of a network of partnerships with other ﬁrms.
The increasing importance of such a phenomenon has also spurred economic research on the structural features of the network of R&D collaborations, and on their impact on industry performance. On the ﬁrst issue, empirical studies have shown
that real-world networks are typically asymmetric, i.e. featuring at the same time ﬁrms having many collaborations and
others with few links (see e.g. Powell et al., 2005). Regarding eﬃciency, the debate has focused on whether densely interconnected networks are more conducive to industry performance than an asymmetric network featuring “structural holes”,
i.e. displaying the presence of hubs indirectly connecting many ﬁrms which have no direct link across them (Burt, 1992;
Ahuja, 2000; Powell et al., 1996; Westbrock, 2010).
Motivated by the above research stream we study a model of strategic network formation in which ﬁrms innovate by
recombining knowledge with that of their R&D partners in the industry. We formalize this idea by assuming that (i) the
number of innovations is proportional to the stock of knowledge of the ﬁrm, and that (ii) a ﬁrm’s knowledge growth is a
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linear combination of the idiosyncratic knowledge stock of the ﬁrm and the knowledge of its R&D partners. In the model,
ﬁrm’s discounted proﬁts are a function of the number of innovations and include the costs of R&D collaborations. In this
framework, if ﬁrms’ discount rate is small then the gross payoff from collaborations is proportional to the largest eigenvalue
of the adjacency matrix associated with the connected component to which the ﬁrm belongs. The largest eigenvalue is
related to the number of all walks connecting ﬁrms in a given component (see Cvetkovic et al., 1997, pp. 24). This has
several implications. First, as the largest eigenvalue is the same for all ﬁrms in the same component, the formation/deletion
of a collaboration by a ﬁrm has a strong non-rival external effect on all its direct and indirect neighbors. Second, both
individual and industry proﬁts induce a trade-off between the need of sustaining walks via direct connections and the costs
of such direct connections. The strength of this trade-off is captured by the value of marginal collaboration costs. Third, the
decision whether a link is formed or deleted depends on the change in eigenvalue, which varies with the position of the
two ﬁrms involved in the collaboration. In addition, the change in eigenvalue is inversely related to the number of ﬁrms in
the industry, while marginal costs stay constant with industry size. This implies that ﬁrms have stronger incentives to form
collaborations in small industries than in large ones.
The model builds on previous work of the authors (König et al., 2008, and in particular König et al., 2011). In König
et al. (2011), we studied the structural features of equilibrium networks arising from the model and their relations to
observed properties of empirical networks. In this paper, we focus instead on the analysis of network eﬃciency and of the
possible tension between equilibrium and eﬃciency. We ﬁrst characterize the topology of the eﬃcient structure for varying
marginal cost of collaborations. When the marginal costs of collaboration are low, the trade-off between number of walks
and costs of direct connections is loose, and we show that the complete network is eﬃcient. For intermediate values of
marginal collaboration costs, eﬃcient graphs are still connected but it becomes eﬃcient to save on the number of direct
collaborations and to create a high number of walks by concentrating connections among a small number of ﬁrms. More
precisely, eﬃcient graphs are nested split graphs, i.e. the neighborhood of each node is contained in the neighborhood of
the next higher degree nodes. This implies a strong hierarchical degree structure of the network. As costs of collaboration
become high, asymmetric eﬃcient graphs can become disconnected and then empty. Next, we study the emergence of
pairwise stable structures (cf. Jackson and Wolinsky, 1996). The complete graph is stable if marginal costs of collaboration
are low and industry size is small. In large industries, we ﬁnd that the set of disconnected cliques of homogeneous size and
the star are stable. Interestingly, both structures can be stable for the same values of industry size and collaboration costs.
In addition, the size of stable cliques decreases with marginal collaboration costs. The empty graph is stable for very large
marginal costs and any industry size. Finally, we study the relationship between stability and eﬃciency and we show that
eﬃciency is reached in industries of small size and low cost of collaboration. As industry size grows, however, ﬁrms have
lower incentives to form collaborations, and a divergence between stability and eﬃciency emerges.
R&D networks have been theoretically studied in Goyal and Moraga-Gonzalez (2001), Goyal and Joshi (2003), Westbrock
(2010). As in the two latter works, we assume that the effort in collaborations is exogenous and we focus on the trade-off
between the beneﬁts from collaborations and the costs of maintaining them. However, differently from these contributions,
we study eﬃciency and stability of R&D networks in the case of indirect spillovers that depend on the structure of the
network to which a ﬁrm belongs. This has several implications for the results. First, Goyal and Joshi (2003), Westbrock
(2010) show that asymmetric networks can be eﬃcient under direct and industry-wide spillovers. Our results therefore
extend the eﬃciency of asymmetric networks to the situation in which network-dependent indirect spillovers are also
present. In particular, our eﬃcient graphs, when connected, are strictly contained in the class of interlinked stars, and when
disconnected contain only one non-trivial component as in the dominant architecture. Furthermore, both Westbrock (2010)
and Goyal and Joshi (2003) show that stable structures are typically asymmetric at signiﬁcant values of linking costs. We
obtain a similar result (the stability of the star). However, differently from both papers, we ﬁnd that also perfectly symmetric
network structures (the set of disconnected cliques) can be stable for signiﬁcant values of the cost of link formation, even in
the same region of parameters wherein asymmetric structures are stable. Finally, like in Westbrock’s paper, we ﬁnd that the
properties of stable graphs can signiﬁcantly diverge from those of eﬃcient graphs in large industries. Compared to eﬃcient
graphs, stable graphs in our model are “under-connected” with respect to what is socially desirable.
R&D collaborations with network-dependent indirect spillovers have already been investigated in Deroian (2008). However, we depart from this model in two respects: (i) we perform the analysis of network stability and eﬃciency also for
non-negligible costs of link formation, and (ii) indirect spillovers are not constant within-components, but endogenously
change with the topology of the component to which the ﬁrm belongs.
Finally, we discuss the relations between our model and the contributions in the network formation literature that have
focused on the trade-off between the costs of connections and the direct and indirect beneﬁts from the network (see VegaRedondo, 2007; Goyal, 2009; Jackson, 2008, for recent surveys). Our model shares many similarities with the contributions
of Jackson and Wolinsky (1996), Bala and Goyal (2000), Goyal and Joshi (2006), Ballester et al. (2006). We contribute to
this literature by studying both network eﬃciency and evolution in a framework with positive network externalities, and
in which the gross payoff the agent receives from the network positively depends on all walks the agent can directly and
indirectly access by establishing a connection. Incorporating all walks in agents’ payoffs has also implications for the results
obtained. First, eﬃcient graphs have in general a more complex structure than in the models cited above (e.g. they are not
minimally connected, cf. Bala and Goyal, 2000). Second, we show that disconnected graphs (the cliques) are stable in the
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presence of positive network externalities, whereas this result has so far been typically derived in models with negative
externalities (see e.g. Jackson and Wolinsky, 1996; Goyal and Joshi, 2006).
The paper is organized as follows. Section 2 contains the description of the model. Section 3 is devoted to the analysis
of the eﬃciency of R&D network structures. Stable networks are analyzed in Section 4. The relation between eﬃciency and
stability is studied in Section 5. Finally, Section 6 concludes. All proofs can be found in Appendix A.
2. The model
We consider a two-stage process of link formation and knowledge accumulation (see e.g. Goyal and Joshi, 2003;
Westbrock, 2010). In the ﬁrst stage, ﬁrms form pairwise R&D collaborations with other ﬁrms in the same industry, making
possible the growth of knowledge within each ﬁrm. In the second stage, ﬁrms introduce innovations in the market by using
the knowledge accumulated through collaborations. We ﬁrst deﬁne the network of R&D collaborations. Next, we characterize the payoffs from R&D collaborations. Finally, we brieﬂy discuss the relations between our model and the literature on
strategic network formation.
2.1. The network
Consider an industry populated by n > 2 ﬁrms. The network or graph G is the pair ( N , E ) consisting of the set of nodes
N (G ) = {1, . . . , n} representing the population of ﬁrms, and a set of edges E (G ), or links, representing R&D collaborations
among the ﬁrms (for simplicity we may just write N and E where it is clear which network G the sets refer to).1 The number of nodes is n = | N | and the number of edges m = | E |. An edge i j ∈ E, represents the existence of an R&D collaboration
between ﬁrm i and j, which are said to be adjacent. The neighborhood of a node i is the set N i = { j ∈ N: i j ∈ E }. The degree
of a node i in G, written by di , is the number of edges incident to i. Clearly, di = | N i |. The maximum degree is (G ) and
the minimum degree is δ(G ). A symmetric graph or regular graph is a graph where each node has the same degree. A walk
W (i 1 , ik ) connecting ﬁrms i 1 and ik is a sequence of ﬁrms (i 1 , i 2 , . . . , ik ) such that i 1 i 2 , i 2 i 3 , . . . , ik−1 ik ∈ E. A walk is closed
if the ﬁrst and last ﬁrms in the sequence are the same, and open if they are different. The length of the walk is given by
the number of edges it contains, i.e. any walk W (i 1 , ik ) has length k − 1. A path is a walk in which no ﬁrm is visited twice.
A closed path encompassing n nodes is a cycle, denoted by C n . A connected component in G is a maximal set of ﬁrms such
that there exists a path between any two of them. We will say that two components are disconnected if there is no path
between them. A connected graph is a graph consisting of only one connected component.
Let A(G ) be the symmetric n × n adjacency matrix of the R&D network G. The element ai j ∈ {0, 1} indicates if there exists
a link between nodes i and j such that ai j = 1 if i j ∈ E and ai j = 0 if i j ∈
/ E. The eigenvalues of the adjacency matrix A are
the numbers λ such that Av = λv has a nonzero solution vector v, which is an eigenvector associated with λ. λPF denotes the
largest real eigenvalue of A (the Perron–Frobenius eigenvalue, cf. Seneta, 2006; Horn and Johnson, 1990), i.e. all eigenvalues λ
of A(G ) satisfy |λ|  λPF and there exists an associated non-negative eigenvector v  0 such that Av = λPF v. For a connected
graph G, v is strictly positive.
A subgraph of G is a pair G  = ( N  , E  ) such that N  ⊆ N, E  ⊆ E, and ∀i j ∈ E  it holds i , j ∈ N  . We write G  ⊆ G if G 
is a subgraph of G. A complete graph K n is a graph in which all n nodes are pairwise adjacent. The graph in which no
pair of nodes is adjacent is the empty graph K̄ n . A clique K n , n  n, is a complete subgraph of the network G. A set of
disconnected cliques or multiple cliques consists of d  2 disconnected cliques of the same size k, K k1 , . . . , K kd . The dominantgroup architecture D n,k consists of a clique of k nodes and n − k isolated nodes. Consider a partition of the nodes of a
connected graph G in classes of increasing degree, { D 1 , D 2 , . . . , D k }. Assume that k  2. Then G is an interlinked star, if the
neighborhood of each node in D 1 is D k and each node in D k is connected to all other n − 1 nodes (Goyal and Joshi, 2003).
A nested split graph2 (see Aouchiche et al. (2008) and Cvetkovic et al. (1997, pp. 60–74)) is a graph with a stepwise adjacency
matrix A, i.e. its elements ai j satisfy the condition that if i < j and ai j = 1 then ahk = 1 whenever h < k  j and h  i. In a
stepwise matrix, if there exists an element equal to one, ai j = 1, then also the element in the row above in the matrix is
one, ai , j −1 = 1, and the element in the column to the left in the matrix is one, ai −1, j = 1. Consequently, all the preceding
elements to the left and above are one. A nested star,3 denoted by F n,d (Bell, 1991), is the graph obtained from the complete
graph K d with d nodes and a subset of n − d disconnected nodes, by adding n − d links connecting one node in K d to each
of the n − d disconnected nodes. Notice, that the nested star has a stepwise adjacency matrix, and therefore is a special case
of connected nested split graph. Fig. 1 shows an example of connected nested split graph (the nested star F 10,7 ) with the
associated adjacency matrix. Finally, notice that the complete graph and the spanning star are particular cases of connected
nested split (and nested star) graphs. Further properties of nested split graphs are discussed in Section 3.

1
2
3

We consider undirected graphs only.
Nested split graphs are also known as “threshold graphs” (cf. Mahadev and Peled, 1995).
The name is introduced here in analogy to the notion of interlinked star.
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Fig. 1. An example of a connected nested split graph, the nested star F 10,7 , (left) and its associated adjacency matrix (right).

2.2. Payoffs from collaborations
The modeling of the payoffs from R&D collaborations is similar to the one4 in König et al. (2011). Collaborations allow
the growth of knowledge within the ﬁrm, via the recombination of the existing knowledge of the ﬁrm and of its partners
(see Weitzman, 1998; Kogut and Zander, 1992). Formally, new knowledge within ﬁrm i ∈ N is generated in continuous time
according to5

ẋi (t ) = γ xi (t ) + β

n


ai j x j (t ),

γ > 0, β > 0,

(1)

j =1

where γ and β measure the response of knowledge growth to, respectively, variations in internal and external knowledge.6
Without any loss of generality, in what follows we set β = 1. The growth of knowledge of ﬁrm i in Eq. (1) depends both on
spillovers emanating from the direct neighbors of i, as well as on spillovers from indirect neighbors which affect the stock of
knowledge of direct neighbors. It follows that the topology of the whole network of R&D collaborations (including all direct
and indirect paths along which knowledge can ﬂow between ﬁrms) inﬂuences knowledge dynamics within the ﬁrm. The
presence of network-dependent indirect spillovers in the analysis is an important feature of our model, that distinguishes it
from previous R&D networks models (e.g. Goyal and Joshi, 2003; Westbrock, 2010). Indeed, in these models the focus has
almost exclusively been on direct or industry-wide spillovers.7
Furthermore, in line with previous works in the literature (see Goyal and Moraga-Gonzalez, 2001; Goyal and Joshi, 2003),
we assume that returns R (xi (t )) from innovations at time t are an increasing and concave function of the knowledge stock
xi (t ) of ﬁrm i according to8





R xi (t ) = V ln xi (t ),

V > 0.

(2)

Each collaboration involves an increasing cost per unit of time c̃ 0 + c̃ 1 t.9 If ﬁrm i engages in di collaborations then its total
cost per unit of time is equal to di (c̃ 0 + c̃ 1 t ). Given the network G, a ﬁrm forms or severs a collaboration by evaluating
the future discounted proﬁts from the collaboration. Without loss of generality, we set to zero the time at which a link is
formed or severed. Total discounted proﬁts of ﬁrm i from collaborations with di other ﬁrms are equal to

π̃i (G i , c̃, ρ ) =

∞




V ln xi (t ) − di (c̃ 0 + c̃ 1 t ) e −ρ t dt ,

(3)

0

where ρ > 0 is the discount rate and G i ⊆ G is the connected component of ﬁrm i.
To obtain further insights into the structural determinants of the payoff function in Eq. (3), we study the asymptotic
properties of knowledge growth in Eq. (1). König et al. (2011) show that, for a given network G of collaborations, the

4
König et al. (2011) use a timing scheme for agents’ decision that differs from the one in this paper. However, this difference has no impact on the
properties of agents’ payoffs discussed below.
5
A similar knowledge growth function can also be found in Spence (1984). In addition, note that Eq. (1) implies that knowledge growth is “cumulative”,
a property often emphasized in empirical innovation studies (e.g. Dosi, 1988).
6
In vector-matrix notation Eq. (1) reads ẋ(t ) = (A(G ) + γ I)x(t ). Note also that for positive initial values, x(0) > 0, knowledge stocks remain positive over
time, ẋ(t ) > 0 as well as x(t ) > 0, ∀t  0.
7
An exception is the R&D networks model of Deroian (2008). In this work, however, the analysis is limited to the case of zero costs of link formation. Moreover, the characteristics of network beneﬁts in our model have signiﬁcant differences with those of Deroian’s model. See Section 2.3 for more
discussion.
8
The logarithmic form of the return function in Eq. (2) is both increasing and concave in the knowledge level. In addition, it allows in a simple way the
convergence of discounted revenues from innovation in Eq. (3).
9
The assumption that collaboration costs increase over time, avoids that total discounted costs become negligible compared to revenues in Eq. (3). In
this model the rationale of R&D collaboration lies in the possibility of absorbing external knowledge. Thus, collaboration costs mainly account for the
R&D investments needed to acquire this external knowledge. Empirical works, such as Cohen and Levinthal (1989) and Veugelers (1997), show that the
possibility of acquiring knowledge from external sources is directly to internal R&D investments of the ﬁrms. Moreover, the fact that R&D costs display a
positive trend is also documented by empirical evidence (see e.g. Jones, 1995; Copeland and Fixler, 2009; DiMasi et al., 2003).
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knowledge dynamics introduced in Eq. (1) converges to a steady state in which a ﬁrm’s knowledge growth rate depends on
the topology of the connected component G i ⊆ G to which the ﬁrm i belongs, through the largest eigenvalue λPF (G i ) (see
Proposition 1 in König et al., 2011). More formally,

lim

t →∞

ẋi (t )
xi (t )

= λPF (G i ) + γ .

(4)

By exploiting the above result, and by assuming that ﬁrms are weakly discounting future revenues (i.e. as ρ → 0), total
discounted payoffs from innovations can be approximated with the following expression (see Proposition 2 in König et al.,
2011):

π̃i (G i , c̃, ρ ) ≈

V (λPF (G i ) + γ )

ρ2

−

c̃ 1 di

ρ2

(5)

.

Since the discount rate is identical for all ﬁrms, we apply an aﬃne transformation to obtain the ﬁnal expression for the
payoff of ﬁrm i from R&D collaborations

πi (G i , c , ρ ) = λPF (G i ) − cdi ,

(6)

where c = c̃ 1 / V . Eq. (6) implies that the payoff from collaborations depends on the topology of the network. In particular,
the largest eigenvalue associated with a component, λPF (G i ), coincides with the growth rate in the number of walks of
length k in a component,10 when the length is increased by one (see Cvetkovic et al., 1997, p. 24). On the other hand, the
payoff decreases with the degree di of the ﬁrm. Therefore, it is best for a ﬁrm to reach the other ﬁrms through many walks
but to have not too many links to pay for.
2.3. The largest real eigenvalue, indirect spillovers and network formation
Eq. (6) implies that the revenues from collaborations are the same for all ﬁrms belonging to the same connected
component. However, marginal revenues from creating or terminating a collaboration display both between- and withincomponent variability.11 Indeed, the change in the largest real eigenvalue varies with the position of the ﬁrm that creates or
removes a link. For instance, in a star of n ﬁrms, the marginal revenue that a disconnected ﬁrm gains from creating a link to
the hub is typically larger than the marginal revenue that two peripheral ﬁrms gain from creating a link between them (see
the proof of Proposition 6 in König et al., 2011). The following lemma (see Cvetkovic et al., 1997, pp. 133, 50; and Cvetkovic
and Rowlinson, 1990) describes the relationship existing between the largest real eigenvalue λPF and the addition/removal
of a link in the network.12
Lemma 1. Denote G  = ( N  , E  ) the graph obtained from the graph G = ( N , E ) by the addition or removal of an edge i j. Then the
following properties hold:

/ E and λPF (G  )  λPF (G ) if i j ∈ E, with inequalities being strict if the graph is connected.
1. λPF (G  )  λPF (G ) if i j ∈
2. λPF (G )  λPF ( K n ) = n − 1.
3. |λPF (G  ) − λPF (G )|  1.
Item (i) in Lemma 1 implies that the gross payoff function in our model displays monotonicity to addition/removal of
links (cf. Goyal and Joshi, 2006), and strong monotonicity when the graph is connected. Moreover, since the gross payoff
from collaboration λPF (G i ) is the same for all ﬁrms in the same component G i of ﬁrm i, the same item implies that the
creation (deletion) of a link by the ﬁrm has a positive (negative) non-rival external effect on all its direct and indirect
neighbors in the component. Furthermore, Lemma 1 states that the gross payoff is bounded from above by the largest
eigenvalue associated with the complete graph K n . In addition, the marginal gross payoff is also bounded, since its value
must be less than one.
Besides the properties mentioned in Lemma 1, all network architectures that we analyze in this paper are characterized
by an inverse relationship between the marginal gross payoff and the size of the connected component (see also Sections 4
and 5). Since marginal cost does not vary with network size, the foregoing property implies that ﬁrms will have stronger
incentives to form collaborations in small industries than in large ones.13

10
Interestingly, empirical studies on R&D networks (e.g. Powell et al., 2005) support the idea that ﬁrms establish R&D collaborations in a way that
increases the number of walks in the network.
11
Furthermore, notice that although total discounted proﬁts from innovation are independent from the position of each ﬁrm i in the network, the
instantaneous returns R (xi (t )) depend on the network position of the ﬁrm via the stock of knowledge xi (t ).
12
Note that N in Lemma 1 is not necessarily the same as N  .
13
There are some other useful bounds on λPF besides those discussed
in Lemma 1 (see e.g. Cvetkovic and Rowlinson, 1990, for a more complete account).


For a graph G with m links and n nodes it holds that λPF (G ) 

√

2m(1 −

1
),
n

with equality if G is the complete graph K n . If, in addition, G is connected

then λPF (G )  2m − n + 1, with equality if G is the star K 1,n−1 or the complete graph K n . Finally, let δ(G ), d̄(G ), (G ) be the minimum, mean and
maximum degree in the connected graph G, respectively. Then δ(G )  d̄(G )  λPF (G )  (G ).
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The payoff function in Eq. (6) can be compared to other similar functions in the network formation literature. First, in
the “connections” model of Jackson and Wolinsky (1996) the beneﬁt of an agent depends on the shortest paths to other
agents in the network. Our model instead takes into account all possible walks from agent i to the other agents in the same
connected component. This is in line with the idea of knowledge recombination, in which ﬁrms improve their knowledge
by recombining the knowledge of different ﬁrms (e.g. Weitzman, 1998). In such a framework, spillovers emanating from the
same source are worth differently to a ﬁrm if they reach it along different paths. It is also important to stress that such
an argument requires that technological and spatial distance are not important for spillovers diffusion. In contrast, shortest
paths are better suited for environments in which either technological or spatial distance is important, and wherein ﬁrms
get utility from actively searching for the closest neighbors (see Carayol and Roux, 2009; Deroian, 2008, for models wherein
distance across ﬁrms plays a role).
Second, Bala and Goyal (2000) and Deroian (2008) introduce models in which the payoff function depends either on
the number of nodes or on the total number of links of the connected component the agent belongs to. In contrast, in our
model the payoff is affected, through the largest eigenvalue, by the whole topology of the component.14
Walks across the network play a key role also in the model of Ballester et al. (2006). There, the equilibrium effort of
every agent is proportional to her eigenvector centrality, while in our model, the gross payoff of agent i is proportional
to the largest eigenvalue associated with her connected component G i . The eigenvector centrality of an agent essentially
counts the number of walks departing from that agent, discounting longer walks by means of a decaying factor. Similarly,
the largest eigenvalue also grows with the number of walks. However, the largest eigenvalue is the same for all the agents
belonging to a connected component while the eigenvector centrality is not.
3. Eﬃciency
In the model presented in the previous section, ﬁrms face a trade-off between increasing the number of walks in the
network and the costs of creating such walks via direct connections with other ﬁrms. The linearity of the ﬁrm’s payoff
function (cf. Eq. (6)) implies that such a trade-off also characterizes industry proﬁts, and in this section we investigate how
this trade-off can be managed to yield the most eﬃcient outcome for the industry. We start by deﬁning industry welfare as
the sum of ﬁrms’ proﬁts (cf. Jackson and Wolinsky, 1996)

Π(G , c ) =

n

i =1

πi ( G i ) =

n


i =1

n
 
λPF (G i ) − cdi =
λPF (G i ) − 2mc .

(7)

i =1

We are interested in ﬁnding the network structures that maximize Eq. (7) for a given level of marginal cost c. This is
because, the level of marginal cost c captures how strong is the trade-off between walks and cost of direct connections in
the model. More formally, let G (n) denote the set of all graphs with n nodes. For a given value of cost c, the eﬃcient graph
is deﬁned as G ∗ = arg maxG ∈G (n) Π(G , c ).
In general, the determination of the eﬃcient graph is a hard combinatorial optimization problem. A ﬁrst result that we
derive concerns connectedness. For c ∈ [0, 1), a graph is eﬃcient only if it is connected, while for c ∈ [1, ∞) it can be
eﬃcient to have a single connected component and isolated nodes.
Lemma 2. Consider a graph G consisting of two disconnected components G 1 and G 2 , with n1 , n2 nodes, m1 , m2 edges, eigenvalues
λPF (G 1 ), λPF (G 2 ) and total proﬁts Π(G 1 ) = n1 λPF (G 1 ) − 2m1 c, Π(G 2 ) = n2 λPF (G 2 ) − 2m2 c. Then there exists a graph G  with
n = n1 + n2 nodes and aggregate proﬁts satisfying Π(G  ) > Π(G ) = Π(G 1 ) + Π(G 2 ) such that
(i) if c ∈ [0, 1) then G  is connected,
(ii) if c ∈ [1, ∞) then G  consists of at most one non-singleton connected component.
Thus, in order to guarantee eﬃciency when c ∈ [0, 1), each ﬁrm must have (direct or indirect) access to the knowledge
of all other ﬁrms in the industry. For c > 1 the eﬃcient graph can be disconnected. However, in this case the eﬃcient graph
features only one connected component rather than several disconnected structures.
Since in c ∈ [0, 1) the eﬃcient graph is connected, Eq. (7) for total proﬁts boils down to

Π(G , c ) = nλPF (G ) − 2mc .

(8)

Note that isolated nodes neither contribute to the eigenvalue nor to the linking cost, so that for c > 1, the same equation
holds with G, n and m referring to the only non-trivial connected component of the graph. Thus, for any given values of n
and m, the eﬃcient graph G ∗ always belongs to the class of connected graphs that maximize λPF (G ). This class is known to
14
In this regard, our model also generalizes the notion of local spillover games (with positive spillovers) studied in Goyal and Joshi (2006). In local
spillover games the marginal payoff to agent i from a link with agent j depends only on the number of links of i and j (and it is independent of the
degree of other agents k = i , j). In our model instead, the marginal gross payoff for i from linking to j is not just a function of the degree of the two
agents, but it depends (positively) on all indirect partners that can be reached through that connection.
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coincide with a special class of graphs, called “nested split graphs” (cf. Brualdi and Solheid, 1986; see also Section 2.1 for
the deﬁnition). The following proposition characterizes eﬃcient structures for marginal cost of collaboration c ∈ [0, ∞).15,16
Proposition 1. Let G ∗ be the eﬃcient graph for a given number n > 3 of ﬁrms and cost of collaboration c  0.
(i) If c ∈ [0, 2nn−1 ] (∼ [0, 0.5] for large n) then the unique eﬃcient network G ∗ is the complete graph.
(ii) If c ∈ [ 2nn−3 , 1] (∼ [0.5, 1] for large n) then the eﬃcient network G ∗ is a connected nested split graph which is not the complete
network.
(iii) If c ∈ [1, √n ) then the eﬃcient network G ∗ is not empty and has one connected component which is a nested split graph.
(iv) If c ∈ [

2 n−
1

√n

2


(v) If c >

n−1

,

n(n−1)
2

n(n−1)
]
2

then the eﬃcient network G ∗ has at most one non-singleton component which is a nested split graph.

(∼ n for large n) then the unique eﬃcient network G ∗ is the empty graph.

Notice that the complete graph and the empty graph are special cases of nested split graphs. However, the complete
graph is the only symmetric graph in this class as all other graphs contain at least one maximally connected node (with
degree n − 1) and some nodes with degree strictly smaller. The most relevant property of nested split graphs is that they
have a nested neighborhood structure. Consider a partition of nodes in the network G by increasing degree, { D 1 , D 2 , . . . , D k },
where the nodes in D 1 have the minimum degree δ(G ), the nodes in D k have maximum degree (G ) and di < d j for all
i ∈ D l , j ∈ D l+1 , 1  l  k − 1. Then, in a nested split graph, the neighborhood of node i is contained in the neighborhood of
node j, i.e. N i ⊂ N j , if di < d j (Mahadev and Peled, 1995, Theorem 1.2.4, p. 10). Moreover, if G is a connected nested split
graph then it also holds that (G ) = n − 1. From the above description it follows that the class of asymmetric connected
nested split graphs is strictly contained in the class of interlinked stars introduced in Goyal and Joshi (2003).17
Furthermore, the nested neighborhood structure of an asymmetric eﬃcient graph can be thought of as a generalization
of the concept of core–periphery architecture (see among others Borgatti and Everett, 2000; Hojman and Szeidl, 2008;
Bramoullé, 2007; Galeotti and Goyal, 2009; Persitz, 2009). Usually, core–periphery architectures describe networks with one
group of densely connected agents (the core) and another group of agents (the periphery) connected to the core, who are
only sparsely connected among themselves. The difference is that graphs with a nested neighborhood structure can feature
several densely connected groups with nodes of increasing degree. In turn, each group is connected to the group of higher
degree nodes.
It is also possible to provide some constraints on the number
m∗ of links in the eﬃcient graph G ∗ , which follow already
n
∗
from our previous analysis. First, if c ∈ [0, 0.5] then m = 2 , because the eﬃcient graph is the complete graph K n . Second,
if c ∈ [
0, 1) then m∗  n − 1, because the eﬃcient graph is connected in that region of cost. Third, Proposition 1 implies that,
if c >

n(n−1)
2

then m∗ = 0. Beyond these preliminary observations, the next proposition derives upper and lower bounds

for the number of links m∗ in the eﬃcient network G ∗ as a function of cost c.18
Proposition 2. Let m∗ denote the number of links in the eﬃcient graph G ∗ and denote by c 1∗ =
(i) If c ∈ [0, 2nn−1 ] (∼ [0, 0.5] for large n), then m∗ =
(ii) If c ∈ ( 2nn−1 , c 1∗ ), then ∃m± (n, c ) such that



n
2

n+2

√

2n2 (n−1)
8n−9

< c 2∗ =



n(n−1)
.
2

.



m− (n, c )  m∗  m+ (n, c ) ,

(9)

with

m± (n, c ) =

1 
8c 4




(8n − 9)c 4 − 2nc 3 + n(n − 2)c 2 ± 2c 2 n(n − 1) (8n − 9)c 2 − n(2c + 1) .

(iii) If c ∈ [c 1∗ , c 2∗ ], then

15
16

f (n)

f (n) ∼ g (n) as n → ∞ if limn→∞ g (n) = 1.

Proposition 1 extends the basic eﬃciency results obtained in König et al. (2008), which uses a similar knowledge accumulation process as in this paper.
17
It is possible to construct an interlinked star not having a nested neighborhood structure. As an example, consider the graph composed of three cliques
of increasing size (from one to three) and a hub being connected to all nodes. Note that the node with minimal degree (the clique of size one) is connected
to the node having maximal degree (the hub). This graph is an interlinked star. However, it easy to see that this graph does not have a nested neighborhood
structure and thus it is not a nested split graph. By construction, the neighborhood of the nodes in the clique of size two includes the nodes in that clique.
But these nodes are not in the neighborhood of the nodes in the clique of size three.
18
x, denotes the smallest integer larger or equal than x (the ceiling of x, with x ∈ R). Similarly, x denotes the largest integer smaller or equal than x
(the ﬂoor of x).
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(10)

.

(iv) If c 2∗ < c, then m∗ = 0.
Both, the upper and lower bounds in items (ii) and (iii) are decreasing with cost c (see also the proof of Proposition 2
in Appendix A). This indicates that above c = 0.5 the eﬃcient network tends to be more sparse as the cost of forming links
increases. In particular, in item (ii) when n is taken to inﬁnity, the number of links in the eﬃcient network is approxi2

n
mately 8c
2 , which is close to the one of the complete network when c = 0.5.
A further speciﬁcation of the eﬃcient structure would require the determination of the graph that maximizes the largest
eigenvalue λPF within the class of nested split graphs. At this point it is relevant to mention the relation with the eﬃcient
structure emerging in models in which agents maximize their centrality (Ballester et al., 2006). More precisely, Corbo et al.
(2006) show that, in such a framework, the networks that maximize welfare are also the graphs with maximal eigenvalue.
However, there, the number of nodes and edges of the eﬃcient graph G ∗ is subject to constraints. If we imposed the same
constraints as in Corbo et al. (2006), we would obtain the same (unique) eﬃcient graphs. In contrast, in our model there is
no restriction on the number of edges. In this case, ﬁnding the graph that maximizes the largest eigenvalue within the class
of connected nested split graph is an unsolved problem in spectral graph theory (Stevanovic, 2007). So far, results are only
available for speciﬁc values of the number of nodes (see also below).
Lemma 2 and Propositions 1 and 2 deliver important implications for the literature. First, they reﬁne previous results on
eﬃciency by Goyal and Joshi (2003) and Westbrock (2010). Indeed, both papers ﬁnd that interlinked stars are eﬃcient for
positive costs of link formation. We ﬁnd that a subset of interlinked stars, namely the asymmetric connected nested split
graphs, can be eﬃcient for 2nn−3 < c < ∞ (∼ [0.5, ∞) for large n) and are surely eﬃcient if c ∈ [ 2nn−3 , 1) (∼ [0.5, 1) for
large n). Furthermore, Westbrock (2010) shows that asymmetric eﬃcient structures are eﬃcient under direct spillovers and
industry-wide indirect spillovers, and that they can either have a connected (interlinked-star) or disconnected (dominantgroup) architecture. We extend this result to the case of indirect network-dependent spillovers. In our model eﬃcient
asymmetric networks are surely connected for 12 < c < 1, and in this case they are a subset of interlinked stars (connected



nested split architecture). In addition, they can be disconnected for 1 < c <

n(n−1)
.
2

However, in the latter case eﬃcient

structures have at most one non-trivial component. This is similar to the results obtained by Westbrock (2010), where the
only disconnected structure is the dominant-group architecture.
The similarity between our results and those of Westbrock’s analysis is explained by the degree variance of the eﬃcient
graphs in the two models. On the one hand, Westbrock (2010) ﬁnds that eﬃcient networks are those maximizing the
(normalized) degree variance (cf. Proposition 2 in Westbrock’s paper). On the other hand, the networks maximizing degree
variance (either connected or disconnected) belong to the class of nested split graphs (Hagberg, 2004). Since our eﬃcient
graphs also belong to this class,19 it follows that they can display a structure similar to those in Westbrock’s model. However,
despite the aforementioned similarities, it must be stressed that the economic mechanism leading to the eﬃciency of
asymmetric structures is very different in our model. In Westbrock (2010), the market setting plays a crucial role in the
generation of eﬃcient asymmetric structures. This is because, social returns from a collaboration are increasing in ﬁrm’s
scale and ﬁrm’s scale is increasing in ﬁrm’s degree. Thus, it is socially desirable to reallocate a link from a ﬁrm having
few connections to one with many connections. In our model instead, ﬁrm’s scale plays no role. Social returns to link
formation depend on the ability of a collaboration to increase the number of walks in the network because walks drive
indirect spillovers and ultimately innovation and proﬁts in the model. Concentrating the number of collaborations among
few ﬁrms is socially desirable inasmuch as it contributes to increase the number of walks while saving on the costs of
direct collaborations. More precisely, in this model a social planner is confronted with the need of structuring the network
in order to create the highest possible number of walks across ﬁrms while saving as much as possible on the number of
direct connections. When the cost of collaboration is low, so is the cost of maintaining indirect walks through many direct
connections. This explains why eﬃcient networks are dense and symmetric for low values of collaborations costs. However,
as the cost of collaboration increases, it is better for the industry to economize on the number of direct connections and to
sustain indirect walks by concentrating direct connections among few ﬁrms. In this regard, two major transitions occur in
our model as collaboration costs increase. Above 0.5 (c > 2nn−3 to be precise) the eﬃcient graph is not complete anymore
and becomes asymmetric. Above 1, it may break down and become disconnected. However, if it is disconnected, it always
contains at most one non-trivial connected component, while the remaining nodes are isolated. This is because, in order
to maintain a high number of walks while economizing on direct collaborations, it is eﬃcient to completely exclude some
ﬁrms from the network rather than breaking down the network into smaller components having non-trivial structures.
Finally, eﬃcient structures in our model are more complex than others typically found in the network formation literature. For instance, differently from the model of Bala and Goyal (2000), the eﬃcient graph is in general not minimally
connected (removing one link does not necessarily make the graph disconnected). In addition, differently from Jackson and

19
However, the graphs maximizing the eigenvalue and the graphs maximizing degree variance do not always coincide, as it has been shown by Bell
(1992).
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Fig. 2. Aggregate proﬁts Π(G ) for the graphs which maximize the largest real eigenvalue λPF among all connected graphs with n = 10 nodes for all possible
number of links m and cost c ∈ {0.5, 0.6, . . . , 1}. The higher the cost c the lower the curve indicating aggregate proﬁts Π(G ). The local maxima are always
attained for the graph F n,d .

Wolinsky (1996), in our model the set of eﬃcient graphs is not limited to the star and the complete graph, but it includes
a whole class of graphs that can be seen as intermediate graphs between these two extreme cases.
Not only the architecture but also the value of total proﬁts is of interest if, for instance, one wants to design a network that performs close to eﬃciency. The value of total proﬁts associated with a connected eﬃcient graph G ∗ can be
approximated by the total proﬁts associated with the nested star F n,d (cf. Section 2.1), as stated in the next proposition.20
Proposition 3. Let G ∗ be the eﬃcient graph for a given number n of ﬁrms, and c  0 the cost of collaboration. Denote the relative error
of total proﬁts between G ∗ and the nested star F n,d by = (Π(G ∗ , c ) − Π( F n,d∗ , c ))/Π(G ∗ , c ), where d∗ = arg maxd Π( F n,d , c ).
Then is bounded by



c 2 (8n − 9) − n − 2nc
n2 + 2nc − c 2 (8n − 9)

implying that

,

→ 0 in the limit of large n.

Notice that the above proposition focuses on the relative error since, by deﬁnition, total proﬁts of both F n,d and G ∗ grow
21
with the size n of the industry. Moreover, the relative error is small already for moderate values
 n  of n.
Fig. 2 shows maximum aggregate proﬁts for n = 10, any number of links n − 1  m  2 and speciﬁc values of cost c.

The ﬁgure shows that the local and global maxima of aggregate proﬁts are always attained by the graph F n,d .22 It is worth
noticing that it has been conjectured that the class of graphs that maximize λPF , is a subclass of the connected nested split
graphs containing the nested stars F n,d (Aouchiche et al., 2008). However, this remains for the moment only a conjecture
and all one can prove is that there exist speciﬁc combinations of n (e.g. n = 10, see Aouchiche et al., 2008) and c such
that F n,d maximizes aggregate proﬁts. Fig. 3 shows examples of nested stars F n,d for industry size n = 10 and values of
cost c for which F n,d returns maximal aggregate proﬁts. Consistently with Propositions 1 and 2 and previous discussions,
the ﬁgure reveals that, as c increases, the network becomes more sparse, a core–periphery structure emerges and links are
more concentrated (all peripheral nodes connect to a single hub in the core).
4. Stability
The analysis contained in the previous section studies which network topologies maximize industry welfare. In this
section, we turn to the investigation of the existence and properties of equilibrium network structures. To this end, as
in Goyal and Joshi (2003), Goyal and Moraga-Gonzalez (2001) and Westbrock (2010), we adopt the criterion of pairwise
stability (cf. Jackson and Wolinsky, 1996).

20
Since the lower bound on the eigenvalue of the nested star F n,d employed in the proof uses the largest eigenvalue of K d∗ , total proﬁts of any architecture
containing a clique of size d∗ will tend, for large n, to those of the eﬃcient graph. Indeed, for large n, the contribution to total proﬁts provided by the
n − d∗ links tends to 0. One could, for instance, connect n − d∗ nodes in a path instead of connecting them to a single node as in a star. However, among
the possible alternative architectures, F n,d is the only graph that has a stepwise adjacency matrix. F n,d therefore has a higher eigenvalue and hence also
higher aggregate proﬁts.
21
For example with n = 100 we get an error below 2%, while for n = 200 the error is below 1% with a marginal cost of collaboration c ∈ [0, 1).
22

Note that in the case of F n,d , the number of links is given by m =

d
2

+ (n − d).
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Fig. 3. Examples of graphs F n,d for values of cost c = 0.5, 0.65, 0.75, 0.85 and n = 10. Note: For these speciﬁc values of cost c and industry size n, F n,d is
the graph that returns maximal total proﬁts.

Deﬁnition 1. The graph G is pairwise stable if
(i) ∀i j ∈ E (G ), πi (G )  πi (G − i j ) and π j (G )  π j (G − i j );
(ii) ∀i j ∈
/ E (G ), if πi (G + i j ) > πi (G ) then π j (G + i j ) < π j (G ), and, if

π j (G + i j ) > π j (G ) then πi (G + i j ) < πi (G ).

In light of the foregoing deﬁnition, we now proceed to investigate the stability of speciﬁc network structures. A straightforward application of Lemma 1 implies that, on the one hand, when the marginal cost c is larger than one, the marginal
gross payoff is always lower than the marginal cost (cf. item (iii) of Lemma 1) and the only equilibrium is the empty
graph K̄ n .23 On the other hand, when marginal costs are zero, links are always proﬁtable, no existing link is deleted and
thus the unique equilibrium is the complete graph K n . Besides the foregoing extremes, the determination of stable networks
becomes quite involved. This is because, in general, the marginal gross payoff from collaborations depends on the topology
of the graph and on the position of the ﬁrm in the network (cf. Section 2.3). However, in line with previous work in the
strategic network formation literature, it is possible to characterize the stability of various network structures in the space
(c , n) of collaboration cost c and industry size n, as it is carried out in the following proposition24 :
Proposition 4. Let c denote the marginal cost of a collaboration and n the total number of ﬁrms in the R&D network G. Then the
stability conditions for the different types of graphs identify the following regions in the parameter space (c , n) ∈ R+ × N:
(i) For cost c > 1 (and any n) the empty graph K̄ n is the unique stable network.
(ii) The complete graph K n is stable if and only if

n<

2 − c (1 − c )
c

(11)

.

If costs are zero, c = 0, then the complete graph K n is the unique stable network (for any n).
(iii) The graph consisting of a set of d  2 equally sized, disconnected cliques K k1 , K k2 , . . . , K kd (G having n = dk nodes in total) is stable
if there exists an integer k < n, with mod(n, k) = 0 such that

1 + c (1 − c )
c


k

2 − c (1 − c )
c

.

(12)

(iv) The star K 1,n−1 is stable if

2
c


n

1 + c 2 (6 + c 2 )
4c 2

.

(13)

(v) The graph consisting of d  2 disconnected cliques K k1 , . . . , K kd with n = kd, and the star K 1,n−1 are both stable for all pairs of
integers k, n with k  n such that the conditions in Eqs. (12) and (13) hold.
23
For c = 1 the empty graph is stable but not unique. Other structures can be stable (e.g. a set of dyads). Moreover, it should be noted that in some
instances the decline in the eigenvalue can be even larger than one for some members of a component (for example of a star or of unequal connected
cliques). This implies that the unilateral link deletion underlying the concept of pairwise stability is a necessary condition for the uniqueness of the empty
and of the complete graph.
24
In Appendix A we report only the proofs of items (vi) and (vii) of Proposition 4. For the proof of item (i) see the proof of Proposition 4 in König et al.
(2011). Moreover, the stability of the complete graph K n follows directly from the proof of Proposition 8 in König et al. (2011), while uniqueness has been
shown in Proposition 3 in König et al. (2011). Furthermore, the proofs of item (iii) and (iv) are analogous to the proofs of the more general Propositions 5
and 6 in König et al. (2011). Finally, as far as item (v) is concerned, by means of numerical computations we could identify multiple pairs (c , n) for which
both, the star and the disconnected cliques are stable. A version of Fig. 4 in which the pairs of (c , n) where stable cliques exist are indicated can be obtained
upon request from the authors.
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Fig. 4. Characterization of stable networks for combinations of cost c and network size n. In order to make visible the intersections among the curves,
both axes are in logarithmic scale. The solid, dashed and dot-dashed curves correspond to the bounds in Eqs. (11) and (13), respectively. The dotted curve
corresponds to the bound in Proposition 1, item (ii).

(vi) There exists a range of cost c 1 (n) < c < c 2 (n) < 1 such that the dominant-group architecture D n,k is stable if n = k + 1 but it is
not stable if n  k + 2.
(vii) Any network with two or more isolated nodes is not stable in the cost range c ∈ [0, 1).
Fig. 4 illustrates the results of Proposition 4 in the space of cost c and industry size n.25 As the diagram reveals, in the
region to the right of the vertical line at c = 1 (c > 1 and any network size n), the empty graph K̄ n is the unique stable
network (empty graph region). Below the solid curve f 1 (c ), corresponding to inequality (11), the complete graph K n is stable
(complete graph region), while above this curve it is not.26 In the region above the same solid curve there exist combinations
of (c , n) for which graphs comprised of multiple cliques are stable (multiple-cliques region), corresponding to divisors k of n
satisfying the conditions (12). Clearly, the larger is n, the more numerous are the suitable divisors. Thus, in this region
the number of equilibria grows with n.27 Notice that the upper bound for the cliques size in (12) decreases with cost c
(for 0 < c < 2), while the lower bound increases for decreasing cost. This implies that clique size decreases with cost c, as
conﬁrmed also by numerical computations (see footnote 27). For instance, for c > 0.618, we ﬁnd that stable cliques contain
no more than 2 nodes (dyads). Besides, a triangular area is delimited above the dashed curve f 2 (c ) and below the dashed–
dotted curve f 3 (c ) according to the inequalities in (13). In this region, the star K 1,n−1 is stable (star region). Note that this
region partially overlaps with the region in which multiple cliques are stable. It follows that there exist combinations of
cost c and size n for which both the multiple cliques and the star can be stable. Finally, notice that in the diagram there
are no boundaries concerning the dominant architecture because this architecture is not stable in c ∈ [0, 1) except for the
special case n = k + 1.
To summarize, for any c ∈ [0, 1) the following applies. For small n, the complete graph K n is a stable network, while
for large n, the complete graph is not stable and other structures such as the star and the multiple cliques can be stable.28
Moreover, there is a region, corresponding to small values of c and intermediate values of n, in which both the star and
the multiple cliques can be stable. The intuition for these results exploits the property (see also Section 2.3) that in all the
architectures of Proposition 4, the marginal revenue from collaborations (i.e. λPF ) decreases with the size of the connected
component to which the ﬁrm belongs. Since the eigenvalue is related to the number of walks (cf. Section 2.3), this property
can be interpreted as the fact that the contribution of one link to the overall number of walks in a connected component
decreases with its size. A simple formal argument for this intuition can be provided for the following case. Consider a clique
of size n and the formation of n links to a previously disconnected node, in order to obtain a new clique of size n + 1.
25
In König et al. (2011) we prove that the stability of the cliques and of the star is robust to the introduction of a cost asymmetry between link creation
and link deletion.
26
Notice that the complete graph is eﬃcient in the whole region to the left of the dotted curve g (c ) corresponding to the bound in Proposition 1, item (ii).
See also Proposition 5.
27
The ceiling and ﬂoor functions limit the values of c where such k may exist. For example, when c = 0.6 no k satisﬁes the conditions. Notice that this is
related to the discrete nature of k rather than to a substantial incentive problem. Also, once a value of k satisfying Eq. (12) exists, then there is an inﬁnite
number of stable networks with varying n (the number of cliques can be multiplied indeﬁnitely). In order to ﬁnd out how frequent these conﬁgurations are,
we carried out numerical computations for all integers n ∈ {1, 2, . . . , 1000} and for values of cost c ∈ {0, 0.01, 0.02, . . . , 1}. For each resulting combination
(c , n) we examined whether suitable divisors of n exist. For almost all values of c, we ﬁnd that cliques are stable for a large fraction of values of n. For the
sake of readability these results are not shown in the diagram. They are available from the authors upon request.
28
The lower bound in item (iv) of Proposition 4 is not tight. Thus we cannot rule out the existence of stable stars also in the region wherein the complete
graph is stable. See also the proof of the proposition.
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The total change in the largest eigenvalue is λPF = 1 (see also Table 1), while the change in number of links is m = n.
1
PF
Therefore, the average contribution to the increase in eigenvalue provided by each link is λ
m = n . It follows that, for any

PF
given c and for n large enough, λ
m < c. This means for large enough networks, at least one node in the clique does not
have the incentive to create a link. The change in eigenvalue is the same in the case of an exclusion of one node from a
clique of size n + 1, which implies that ﬁrms have a stronger incentive to severe a link in large enough networks.29
The above intuition explains why the complete network is an equilibrium only in small industries (and for small costs c).
It explains also why, in industries of growing size, walks are sustained, instead, by forming either asymmetric connected
structures (the star) or disconnected structures (the cliques), characterized by high density within-components. The incentive to form connections in industries of growing size further decreases with marginal cost c. That is why, when both
marginal cost and industry size increase, we observe that only disconnected cliques of decreasing size are stable. Marginal
revenues decreasing with component size also explain why all networks with more than two isolated nodes (and the
dominant-group architecture in particular) are not stable in this model. Indeed, the change in the eigenvalue from establishing a connection between two isolated ﬁrms is the highest possible (λPF = 1, see also proof of Proposition 4), and for
c < 1 these ﬁrms always have the incentive to form a collaboration.
Proposition 4 and the stability diagram of Fig. 4 deliver several implications in relation to the literature on R&D networks. For instance, Goyal and Joshi (2003) and Westbrock (2010) show the stability of asymmetric network structures (the
dominant-group architecture) in the presence of direct spillovers and industry-wide indirect spillovers. Moreover, network
asymmetry is often observed in practice (see e.g. Powell et al., 2005). On one hand, Proposition 4 conﬁrms that asymmetric networks can be stable also in presence of network-dependent indirect spillovers. In particular, asymmetric equilibrium
networks emerge as a characteristic of industries with large size (i.e. n high) and wherein costs of collaboration are small.
On the other hand, asymmetric equilibrium structures are not a general feature with network-dependent indirect spillovers.
First, in the same region in which asymmetric structures are stable,30 there exist combinations of industry size n and cost c
for which perfectly symmetric and disconnected structures (the cliques) can be stable. Second, symmetric (and increasingly
sparser) structures are stable as the cost of collaboration increases while the star is not stable anymore.
Finally, stable networks in our model (both symmetric and asymmetric) do not feature, in general, ﬁrms that are excluded
from any collaborative activity. Indeed, the dominant-group architecture is never stable in our model except for the special
case of a clique plus one isolated node, which is stable for some combinations of n and c ∈ [0, 1).
Our results have also implications for the game theoretic literature on network formation. First, stable graphs are not
always minimally connected (e.g., in the multiple clique equilibrium each component is complete). This is an important
feature that, for instance, distinguishes our results from the linear “two-way ﬂow” model of Bala and Goyal (2000). Furthermore, the fact that disconnected equally sized cliques are stable is a speciﬁc property of our model,31 since disconnected
networks are not generally pairwise stable in network formation models with positive linking externalities. They are instead
common in models with negative linking externalities (e.g. the “co-author” model in Jackson and Wolinsky, 1996). Finally,
our results also contrast with the predictions of local spillovers games studied in Goyal and Joshi (2006). In these models
the existence of symmetric and asymmetric networks is found assuming strong monotonicity of agents’ payoff in the creation/deletion of a link and under various hypotheses on the type of neighbors’ spillovers and on the convexity/concavity of
the agent’s payoff function. In addition, symmetric and asymmetric networks are never stable for the same level of the model’s parameters. In our model, symmetric and asymmetric stable networks emerge under very mild conditions on agents’
payoffs (see Lemma 1), and can be stable for the same values of the model’s parameters.

5. Stability vs. eﬃciency
In the previous section we have analyzed the stability of different network structures depending on industry size n and
marginal costs of collaboration c. We now turn to the comparison of stability with eﬃciency. In this regard, the analysis of
the stability diagram in Fig. 4 reveals a region of small industry size and small cost of collaboration in which stable graphs
are also eﬃcient. Indeed, to the left of the curve g (c ), the complete graph is the unique eﬃcient graph (Proposition 1,
item (ii)). At the same time, below the solid curve f 1 (c ), the complete graph is also stable (Proposition 4, item (ii)). In
29
A similar relation holds also for the other networks analyzed in Proposition 4. However, the formal argument is in this case more complicated, due to
the characteristics of the relation between the eigenvalue and component size, and we therefore refer the reader to the proof of the proposition. Moreover,
there is no general closed form expression for λPF as a function of the component size, because the change in eigenvalue typically depends on the speciﬁc
network structure and not only on its size. Finally, the negative correlation between marginal revenues from collaborations and size must be distinguished
from “concavity in own links” (e.g. Calvó-Armengol and Ilkilic, 2009; Hellmann and Buechel, 2009). This distinction is important because Hellmann and
Buechel (2009) show that concavity in own links may generate under-connected, ineﬃcient networks in models with positive linking externalities (as
ours). Concavity in own links implies diminishing marginal revenues of a link with the degree of the agent. The relation stated above is instead between
the marginal revenue and the number of agents in a component. In addition, note that the degree of some nodes grows with component size in some
networks structures (this holds e.g., for each node in the clique, and for the hub in the star). However, in our model marginal revenues can decrease with
component size even if the degree of a node does not change (e.g. for peripheral nodes in a star as additional nodes are attached to the hub; see the proof
of Proposition 6 in König et al., 2011).
30
See also the “connections model” by Jackson and Wolinsky (1996) for a similar result on the co-existence of symmetric and asymmetric stable networks
under the same parameter values.
31
See also Deroian (2008) for similar results on the stability of cliques without linking costs.
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Table 1
Eﬃciency and stability of different types of networks.
Graph class

Eigenvalue

Eﬃciency



Stability

n(n−1)
2

Empty graph K̄ n

λPF = 0

c>

Complete graph K n
k-Symmetric graph

λPF = n − 1
λPF = k − 1
√
λPF = n − 1
λPF  d − 1
√
λPF  n − 1
√
λPF = k − 1
λPF = d − 1

c  12
if k = n, see K n

n

c
see cliques or K n

see CNS

 2c   n   1+c 4c(62+c ) 

Star K 1,n−1
Nested star F n,d
Conn. nested split CNS
Dominant-group D n,k
Cliques { K d1 , . . . , K dl }

c>1
2−c (1−c )

2

with good approx.



0<c<

2

not for n large

n(n−1)
2

not for n large

if k = n, see K n

not for 0  c < 1 if n  k + 2

 1+c (c1−c )   d   2−c (c1−c ) 

if l = 1, d = n, see K n

contrast, the eﬃcient graph does not belong to the set of possible equilibria if the size of the industry is large enough, as
shown in the following proposition.
Proposition 5. The eﬃcient network G ∗ is not stable
2−c (1−c )

(i) if c  0.5 and n >
, or if c > 0.5 and
c
n → ∞, or
(ii) if c > 0.5 and √
(iii) if 1 < c <

n+2

2n2 (n−1)
8n−9

2−c (1−c )
c

<n

c
,
2c −1

or

(with n > 3).

Item (i) follows directly from Propositions 1 and 4, and concerns the complete graph in the region of the stability diagram
above curve f 1 (c ) and to the left of curve g (c ) in Fig. 4. Notice that for c > 0.603, the complete network is never stable
as there is no n that satisﬁes the second condition in (i). Moreover, item (ii) shows the instability of a generic connected
nested split graph, which is eﬃcient for c ∈ [0, 1) – see Proposition 1, item (i) – when c > 0.5 and n → ∞. Finally, item (iii)
concerns the region where the empty graph is the unique stable graph (c > 1).32
Overall, the above proposition shows that the eﬃcient graph is never stable in large industries (n → ∞), for any given
0 < c < ∞, except for some extreme cases.33 The instability of the complete and the connected nested split graph follows
from the fact that the marginal revenue from collaborations (i.e. λPF ) decreases with component size, while the marginal
cost of collaborations stays constant with size (see also the previous section). The number of links needed to maintain
connected eﬃcient network structures increases in large industries (for a network to remain connected, the number of links
must be at least n − 1). On the other hand, decreasing marginal revenues imply that in large industries ﬁrms have stronger
incentives to severe collaborations and to make such eﬃcient networks unstable.
Thus, in line with previous ﬁndings (e.g. Bala and Goyal, 2000; Jackson and Wolinsky, 1996; Westbrock, 2010), in our
model the tension between eﬃciency and stability can be very pronounced. In particular, Westbrock (2010) focuses on
network asymmetry, and ﬁnds that in large industries stable R&D networks are typically too little asymmetric with respect
to the level that is socially desirable. Our results indicate that in presence of network-dependent indirect spillovers eﬃciency
is also not attained in large industries (n → ∞). Moreover, they indicate that connectedness is another important property
in relation to eﬃciency. In particular, the fact that ﬁrms have stronger incentives to severe collaborations in large industries
indicates that in these industries equilibrium graphs will be “under-connected” with respect to the level that is socially
desirable.
Table 1 summarizes the results on eﬃciency and stability discussed so far and compares them with results for other
well-known classes of graphs in the literature. The empty graph K̄ n , the complete graph K n , and the connected nested
split graph (CNS) have already been discussed in Proposition 5. Two other graphs that deserve special attention are the
star K 1,n−1 , and the nested star F n,d . The star is stable for values of c and n for which the complete graph is eﬃcient. In
addition, it can be eﬃcient as a special case of asymmetric connected nested split graphs when c > 0.5 (although, in this
case it is not stable for n → ∞, cf. Proposition 5).
The nested star F n,d is, too, a particular instance of a connected nested split graph. For this graph, it is possible to obtain
a more restrictive condition on instability, because for n → ∞ this graph is unstable for
√ all values of cost c > 0 (as opposed
to c > 0.5).34 In the case of ﬁnite n, numerical computations suggest that for cost c > 2 − 1 = 0.414, the graph is unstable
32
Indeed, for some values of costs c > 1 the eﬃcient graph is non-empty because the lower bound on the number of links in the eﬃcient graph is
positive (cf. Proposition 2, item (iii)). This implies that there exist values of costs c > 1 for which the empty network is not eﬃcient. In addition, as the
proposition also shows, as n increases, values of c > 1 for which the empty graph is not eﬃcient also increase. However, for c → ∞ and any n the empty
graph is both eﬃcient and stable.
33
Indeed, notice that for any given n < ∞ the graph is eﬃcient and stable for c → 0. In addition, for any given n < ∞, the graph is always eﬃcient and
stable if c → ∞.
34

17)

Bell (1991) provides an expression for λPF ( F n,d ) in terms of leading orders in n given by λPF ( F n,d ) =
1
3

n2

+

O ( n12

√

1
n− √
+
2 n

 d−1  1
2

n

+ 18 (4d3 − 20d2 + 32d −

). From this expression it is clear that for a given value of d, limn→∞ (λPF ( F n,d ) − λPF ( F n−1,d )) = 0 (corresponding to the change in eigenvalue
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for any size n  3.35 For values of cost c < 0.414 and for n small we cannot exclude the existence of some stable F n,d .
However, for instance for d  10 we ﬁnd that λPF ( F n,d ) < c for all values of n  d whenever c > 0.035. This implies that,
even for a small network comprising a clique of 10 nodes plus some peripheral nodes, the nested star F n,d is unstable
unless the cost is very small (i.e. below 0.035).
Next, we consider the k-symmetric graph, i.e. the graph in which all nodes have the same degree k. For a given n,
aggregate proﬁts of this graph increase (decrease) with k if c is lower (higher) than one.36 They are positive if c < 1,
1
k > 1−
and this graph is eﬃcient if k = n − 1 and c  0.5. This is in line with our results on eﬃciency (cf. Section 3), since
c
the complete graph K n is a particular case of a k-symmetric graph (when k = n − 1). Note that the set of cliques of identical
size k is also a particular case of (k − 1)-symmetric graph. Finally, the dominant-group architecture is never stable in our
model, except in the case of a clique and an isolated node. In addition, it is never eﬃcient for c ∈ [0, 1).
6. Conclusions
In this paper, we developed a model in which ﬁrms earn proﬁts by recombining their knowledge in a network of R&D
collaborations. We showed that under mild conditions on the rate at which ﬁrms discount proﬁts from R&D collaborations,
the gross payoff from collaborations depends on indirect network spillovers and is proportional to the growth rate of all
walks existing across ﬁrms in their connected component. In addition, both individual and industry net payoffs display a
trade-off between the beneﬁts of the network walks generated by direct connections and the costs of direct connections.
In this framework, we characterized the topology of the eﬃcient graph in relation to the marginal cost of collaboration.
We showed that when the marginal cost of maintaining collaborations is low, the trade-off between walks and cost of direct
connections is weak and the eﬃcient network is the complete graph. For intermediate cost of collaborations the trade-off
becomes tighter and the eﬃcient graph belongs to the class of asymmetric connected nested split graphs, having a nested
neighborhood structure. As costs get larger, the eﬃcient graph can become disconnected and then empty.
Furthermore, we studied the existence of equilibrium graphs in the model, and the relation between equilibrium and
eﬃciency. In particular, we showed that the complete graph is stable in small industries and for low collaboration costs,
while the class of size-homogeneous disconnected cliques and the star are stable in large industries. We also showed that
these two equilibrium structures may be stable for the same level of cost and that the size of stable cliques is decreasing in
the cost of link formation. Finally, large industries, in our model, are characterized by a strong tension between eﬃciency
and stability. This is because, the marginal beneﬁts from R&D collaborations decrease with the size of the connected component of the ﬁrm, whereas marginal cost of collaboration remains constant with size. This implies that ﬁrms have smaller
incentives to form collaborations in large industries, and therefore that equilibrium networks in those industries will be less
connected with respect to what is eﬃcient.
The present work could be extended in at least four directions. First, the model could be extended to account for industry
demand and competition across ﬁrms, for example as in Goyal and Moraga-Gonzalez (2001). Second, gross beneﬁts of ﬁrms
from forming links in our model are determined by the largest real eigenvalue of their connected component. The largest
eigenvalue is related to the growth of walks in the component but does not take into account the length of these walks.
Hence, one could extend our model by introducing a utility function that discounts walks by their length (as it is the case for
eigenvector or Bonacich centrality, see Ballester et al., 2006). This amounts to considering higher order terms in the payoff
function of ﬁrms. Third, one could extend the analysis of network formation and study the different basins of attractions
of the stable structures in our model, for example employing the simulation techniques suggested in Vega-Redondo (2007).
Finally, one could investigate the robustness of equilibrium multiplicity in our model (and the relation between eﬃciency
and equilibrium) using deﬁnitions alternative to pairwise stability e.g. of the kind proposed in Bloch and Jackson (2006).
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Appendix A
In this appendix we give the proofs of the propositions and lemmas stated in the paper.

from disconnecting a peripheral node from the central node in F n,d ). Since the change in the largest eigenvalue tends to zero as n increases, F n,d becomes
unstable for arbitrarily small values of cost c > 0.
35
The results of these numerical computations are not reported here because of space constraints, but they are available upon request from the authors.
36
Total proﬁts of the k-symmetric graph are given by Π = nλPF − 2mc = n(k − 1) − nkc = n(k(1 − c ) − 1).
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Proof of Lemma 2. (i) Since G 1 and G 2 are connected, we have that m1  n1 − 1 and m2  n2 − 1. We now consider all
possible cases for the number of links in the two components and the resulting increase in aggregate proﬁts from connecting
them.
(a) First, we consider the case of m1  n1 and m2  n2 . Assume that the largest eigenvalue of G 1 is λPF (G 1 )  λPF (G 2 ).
Let G  be the graph obtained as follows. For each node in G 2 we rewire one incident link to a node in G 1 . This means
that each time we add a node from G 2 to the graph G 1 and a link connecting the added node to the rest of the connected
component. In this way, all nodes in G 2 get connected to G 1 . The number of rewired links is n2 (and there are at least
that many links, since by assumption m2  n2 ). Adding a link to a connected graph strictly increases its eigenvalue, since
the underlying adjacency matrix is irreducible (Horn and Johnson, 1990, p. 515). Therefore, λPF (G  ) > λPF (G 1 )  λPF (G 2 ) and
total proﬁts of G  are

 
 
Π G  = (n1 + n2 )λPF G  − 2(m1 + m2 )c > n1 λPF (G 1 ) + n2 λPF (G 2 ) − 2(m1 + m2 )c = Π(G 1 ) + Π(G 2 ).

(14)

(b) Let m1  n1 and m2 = n2 − 1. Since
√ m2 = n2 − 1 the largest real eigenvalue of G 2 is at most the one of the star
K 1,n2 −1 , hence λPF (G 2 )  λPF ( K 1,n2 −1 ) = n2 − 1 (Cvetkovic and Rowlinson, 1990). We ﬁrst construct the graph G 1 from G 1
with the same number of nodes n1 and links m1 but whose adjacency matrix is stepwise. This can be achieved by moving
the one entries to the left in the adjacency matrix of G 1 . The resulting graph G 1 has the property that λPF (G 1 )  λPF (G 1 )
(Cvetkovic and Rowlinson, 1990). It holds that G 1 has a spanning star as a subgraph. Moreover, denote by G  the graph
obtained by connecting all nodes in G 2 to the central node in the star in G 1 . For this we need to add one link to connect all
n2 nodes so that G  has n1 + n2 nodes and m1 + m2 + 1 = m1 + n2 links. The resulting graph G  has again √
a stepwise matrix
and contains a spanning subgraph K 1,n1 +n2 −1 . Therefore, it must hold that λPF (G  ) > λPF ( K 1,n1 +n2 −1 ) = n1 + n1 − 1. The
inequality is strict because there is at least one link more than in K 1,n1 +n2 −1 following from m1 > n1 − 1. It follows that
Π(G  ) = (n1 + n2 )λPF (G  ) − 2(m1 + n2 )c. Thus, we get

  

  

Π G  − Π(G 1 ) + Π(G 2 )  Π G  − Π(G 1 ) + Π( K 1,n2 −1 )
  
   


= n1 λPF G  − λPF (G 1 ) + n2 λPF G  − n2 − 1 − 2c
   

> n2 λPF G  − n2 − 1 − 2


> n2 ( n1 + n2 − 1 − n2 − 1 ) − 2


 n 2 ( n 2 + 2 − n 2 − 1 ) − 2,

(15)

where we have used the fact that n1  3 in the last inequality from above (for n1 = 2 or n1 = 1 we cannot have m1  n1
without introducing loops or multiple links, which we have ruled out by assumption). This inequality is non-negative for any
value of n2 > 1. Hence, we have shown that Π(G  ) > Π(G 1 ) + Π(G 2 ). A similar result holds for m1 = n1 − 1 and m2  n2 .
(c) Assume
1 − 1 and m2 = n2 − 1. In this case, both components must be stars, K 1,n1 −1 and K 1,n2 −1 with
√ that m1 = n√
eigenvalues n1 − 1 and n2 − 1. Construct the graph G  by connecting n2 nodes from K 1,n2 −1 to the central node in
K 1,n1 −1 . The resulting graph is K 1,n1 +n2 −1 and (assuming w.l.o.g. n1  n2 ) it holds that





  

Π G  − Π( K 1,n2 −1 ) + Π( K 1,n2 −1 ) = n1 ( n1 + n2 − 1 − n1 − 1 ) + n2 ( n1 + n2 − 1 − n2 − 1 ) − 2c


> (n1 + n2 )( n1 + n2 − 1 − n1 − 1 ) − 2,

(16)

for c ∈ [0, 1). The right-hand side is non-negative as long as n2  2.
(d) Next, let n1  2 and n2 = 1. This case corresponds to a connected graph G 1 and one isolated node. Total proﬁts
are Π(G ) = n1 λPF (G 1 ) − 2m1 c. Denoting the graph G  obtained by connecting the isolated node to G 1 , we ﬁnd Π(G  ) =
(n1 + 1)λPF (G  ) − 2(m1 + 1)c  Π(G ) + (λPF (G  ) − 2c ). In order to show this we have to consider the cases n1 = 2, 3 and
n1  4 separately. (1) If n1  4, then m1  n1 − 1 (since G 1 is connected by assumption). We can construct a star K 1,n1 −1 plus
additional edges from G 1 and connect the isolated node to it. Denote the resulting graph G  . Then, λPF (G  )  λPF ( K 1,n1 ) =
√
n1  2 and it follows that Π(G  ) − Π(G )  0 if λPF (G  )  2 > 2c for c ∈ [0, 1). (2) If n1 = 3, then G 1 is either a path
P 3 (with length 2) √
or a cycle C 3 √
containing 3 nodes. We connect the isolated node to G 1 . In the case of G 1 = P 3 we get
Π(G  ) − Π(G ) = (4 3 − 6c ) − (3 2 − 4c ) = 2.69 − 2c > 0, where the last inequality follows from c ∈ [0, 1). In the case of
G 1 = C 3 we obtain Π(G  ) − Π(G ) = (42.17 − 8c ) − (32 − 6c ) = 2.68 − 2c > 0 again, using c ∈ [0, 1). (3) We consider the case
n1 = 2. We connect√the isolated node to G 1 = P 2 and again denote the resulting connected graph G  . We then have that
Π(G  ) − Π(G ) = (3 2 − 4c ) − (2 − 2c ) = 2.24 − 2c > 0, with c ∈ [0, 1).
(e) Finally, for the case n1 = 1 and n2 = 1, we have two isolated nodes with total proﬁts Π(G ) = 0. If we connect the
nodes via an edge we have Π(G  ) = 2(1 − c ). Since c ∈ [0, 1) total proﬁts in the connected graph G  are higher. The above
cases consider all possible disconnected graphs and show that total proﬁts Π can be increased by connecting them.
(ii) The proof proceeds in a similar way as the one of part (i). Since G 1 and G 2 are connected, we have that m1  n1 − 1
and m2  n2 − 1. We now consider all possible cases for the number of links in the two components and the resulting
increase in aggregate proﬁts from connecting them.
The case of (a) m1  n1 , m2  n2 has been treated already in the proof of Lemma 2, item (i). In the case of (b) m1  n1 ,
m2 = n2 − 1, we must have that G 2 = K 1,n2 −1 . We ﬁrst rewire the links in G 1 in the same way as in (i) item (b), in order
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to obtain a graph G 1 with the same number of nodes n1 and links m1 as in G 1 , such that the adjacency matrix of G 1
is stepwise and has the largest eigenvalue among all graphs with that number of nodes and links. We then construct the
graph G  by rewiring n2 − 1 links in K 1,n2 −1 to the node in G 1 with the highest degree. This makes G  a connected graph

and one isolated node, and thus, falling into the class of graphs considered in the lemma.
√ Observe also that G must have a
spanning star K 1,n1 +n2 −2 as an induced subgraph, so that λPF (G  ) > λPF ( K 1,n1 +n2 −2 ) = n1 + n2 − 2. Since nodes and links
have been added to G 1 , it must have a strictly larger eigenvalue than G 1 . We then have that



  

Π G  − Π(G 1 ) + Π(G 2 ) > n1 λPF (G 1 ) + (n2 − 1) n1 + n2 − 2 − n1 λPF (G 1 ) − n2 n2 − 1


= (n2 − 1) n1 + n2 − 2 − n2 n2 − 1.
√

√

The expression (n2 − 1) n1 + n2 − 2 − n2 n2 − 1 is strictly positive for any n1 > 3 and n2 > 1, and so G  has higher
aggregate proﬁt for any c. For n1 = 3, the only possible graph satisfying m1  n1 is the cycle C 3 . In this case we can
construct the graph K 1,n1 +n2 −1 , which has a higher eigenvalue than both K 1,n2 −1 and C 3 . This graph is connected, and falls
into the class of graphs considered in the lemma. When considering the case √
of (c) m1 = n√
1 − 1  2 and m2 = n2 − 1  2,
where both components must be stars, K 1,n1 −1 and K 1,n2 −1 , with eigenvalues n1 − 1 and n2 − 1, the same proof can be
used to show that Π(G  ) > Π(G ).
The above cases consider all possible disconnected graphs and show that total proﬁts Π can be increased by connecting
them while possibly leaving some nodes isolated. 2
Proof of Proposition 1. (i) For the complete graph K n we have that λPF = n − 1, m = n(n2−1) and total proﬁts are Π( K n ) =

n(n − 1) − 2 n(n2−1) c = n(n − 1)(1 − c ). On the other hand, the largest real eigenvalue λPF of a graph G with m edges is

√

bounded from above as λPF  12 ( 8m + 1 − 1) (Cvetkovic and Rowlinson, 1990). For total proﬁts we then have

Π=

n


n √
λPF (G i ) − 2mc  nλPF − 2mc  ( 8m + 1 − 1) − 2cm = b(n, m, c ),
2

i =1

with n  m 

n
2

. For ﬁxed cost c and number of nodes n, the number of edges maximizing b(n, m, c ), deﬁned in Eq. (17),

=

n2 −c 2
8c 2

n

n(n−1)

if n 8c−2c < 2 and m∗ = 2
if n 8c−2c >
is the complete graph K n . Inserting m∗ into b(n, m, c ) yields

is given by m∗

2

2

2

⎧ 
⎨ n ( n2 −c 2 + 1 − 1) − n2 −c 2 , if c >
∗
4c
c2
b n, m , c = 2
⎩ n(n − 1)(1 − c ) = Π( K ),
if c <
n


(17)



2

n
2

. Note that the graph with the latter number of edges

n
,
2n−1
n
.
2n−1

(18)

The bound for c  2nn−1 ∼ 12 in the limit of large n coincides with total proﬁts of the complete graph K n . Therefore K n is
the eﬃcient graph in that region of cost. Also, all graphs with less edges than K n have lower aggregate proﬁts than K n (the
upper bound is decreasing with decreasing m) and so K n is also the unique eﬃcient graph in that region of cost.
(ii) We ﬁrst prove that the eﬃcient graph is connected when c ∈ [0, 1). For a contradiction assume that, for a given n,
the eﬃcient graph G is disconnected (and all connected graphs have smaller total proﬁts than G). Then G must have at least
two components. By part (i) of Lemma 2 each pair of components can be connected in such a way to result in a graph with
higher total proﬁts. Ultimately all components of G can be connected, yielding a connected graph G  with at least the total
proﬁts of G. This contradicts the assumption and it follows that the eﬃcient graph must be connected. Further, among the
connected graphs, the graphs with maximal eigenvalue have a stepwise adjacency matrix (Brualdi and Solheid, 1986). These
graphs are referred to as connected nested split graphs (Aouchiche et al., 2008). Next, we show that the eﬃcient graph
is not complete. In Eq. (21) we derive a lower bound on aggregate proﬁts Π( F n,d , c ) of the graph F n,d . From this bound
one can show that Π( F n,d , c )  Π( K n , c ) if c  2nn−3 . This implies that the eﬃcient graph G ∗ is not complete for c  2nn−3 .
Moreover, from Lemma 2 we know that the eﬃcient graph G ∗ is a nested split graph with possibly isolated nodes. This
implies that G ∗ is not symmetric, since the complete graph is the only symmetric connected nested split graph.
(iii) Lemma 2, part (ii), implies that we can increase aggregate proﬁt by creating a connected component from two nonsingleton disconnected components (while possibly leaving some nodes isolated) with higher aggregate proﬁt. Moreover,
this connected component must be a nested split graph. Otherwise, there would exist a connected nested split graph with
the same number of nodes and links which has a higher largest eigenvalue (Brualdi and Solheid, 1986), but the same
number of links and hence the same cost. This shows that for c > 1 the eﬃcient network has at most one non-singleton
the eﬃcient graph is not empty. Note that
component which is a nested split graph. Next, we show that for c < √n
2 n−1

aggregate proﬁt of the empty graph is zero. Hence, the eﬃcient graph G ∗ is not empty if we ﬁnd a graph with positive
total proﬁts in that region of the cost. In particular, this holds for the star K 1,n−1 . Aggregate proﬁt of the star is given by
√
√
Π( K 1,n−1 ) = n n − 1 − 2(n − 1)c and therefore Π( K 1,n−1 ) > 0 whenever n > 2c (c + c 2 − 1).37 Solving for c, we obtain
37

For instance, for c = 1 the condition holds for n  2.
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Fig. 5. The two bounds from Eqs. (19) and (21) for n = 100 and c = 2.

that the condition holds if c < √n

2 n−1

. Since the eﬃcient graph is not empty, there must exist a non-singleton component.

Putting the above results together shows that for 1  c < √n

2 n−1

there exists a non-singleton component which must be a

connected nested split graph.
(iv) For c  √n , the proof of the previous item implies that the eﬃcient graph G ∗ has at most one non-singleton
2 n−1

component which
 is a nested split graph. However, this graph might also be empty.
(v) For c >

n(n−1)
2

we can show that the eﬃcient graph must be empty. We ﬁrst derive an upper bound for total proﬁts

G ∗ . Wilf (1967) has shown that, for any graph G, the largest eigenvalue λPF (G ) is bounded from
of the eﬃcient network

2m(1 − n1 ). Therefore, aggregate proﬁts for any graph G (including the eﬃcient graph G ∗ ) are bounded

above by λPF (G ) 
by





Π(G , c )  n 2m 1 −

1
n


− 2mc .

(19)

Setting the RHS of Eq. (19) to zero gives the following bound for the maximum number of links in the eﬃcient graph

m∗ 

n(n − 1)
2c 2

(20)

.

From Eq. (20) we see that m∗ must be zero if c >



n(n−1)
2

and the eﬃcient graph is the empty graph K̄ n . Due to the

monotonicity of the bound, K̄ n is also the unique eﬃcient graph for c >



n(n−1)
.
2

2
n

Proof of Proposition 2. (i) From Proposition 1 we know that the eﬃcient graph is complete, if c ∈ [0, 0.5] so that m∗ = 2 .
(ii) We have derived an upper bound for aggregate proﬁts of the eﬃcient graph G ∗ in Eq. (19) of the proof of Proposition 1. Note that the RHS of Eq. (19) is concave in the number of links m. Moreover, in Eq. (21) of the proof of Proposition 3
we derive a lower bound on aggregate proﬁts of the graph F n,d . This lower bound is also a lower bound on aggregate proﬁts
of the eﬃcient graph G ∗ . The RHS of Eq. (21) is a convex function of n, which attains its maximum at the highest possible
value of n. This maximum is independent of m. An illustration for n = 100 and c = 2 of the two bounds on aggregate proﬁts
in Eqs. (19) and (21) can be seen in Fig. 5. We consider
only values of cost such that the bound in Eq. (21) is positive,
√
n+2

2n2 (n−1)

. Aggregate proﬁts of the eﬃcient graph G ∗ are positive in the
which is equivalent to requiring that c < c 1∗ =
8n−9
region where the upper bound in Eq. (19) exceeds the lower bound in Eq. (21). Thus, by equating the RHS of Eq. (19) with
Eq. (21) it follows that m− (n, c )  m∗  m+ (n, c ), where the explicit expressions for m− (n, c ) and m+ (n, c ) are given in the
proposition.
Incidentally, notice that both the derivatives of m− (n, c ) and m+ (n, c ) with respect to c are negative as long as
√
n+3 n(n−1)

c>
, which approaches 0.5 for large n.
8n−9
(iii) The desired bound for the maximum
number of links in the eﬃcient graph is given in Eq. (20) in the proof of
√
n+2

2n2 (n−1)

the lower bound on aggregate proﬁts in Eq. (21) is negative. This implies
Proposition 1. Note that for c > c 1∗ =
8n−9
that the bound for m∗ in Eq. (20) is lower than m+ derived in part (ii) of the proof. The fact that the result holds for c  c 2∗
follows from item (iv).

(iv) From Eq. (20) it follows that for c > c 2∗ =

that the eﬃcient graph must be empty.

2

n(n−1)
2

the upper bound on the number of links m∗ becomes negative, so
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Proof of Proposition 3. In order to prove the claim, we need a lower bound for the total proﬁt of F n,d , as well as an upper
bound for the total proﬁt of the eﬃcient graph G ∗ . We then show that, if one chooses d appropriately, the relative difference
between the two bounds vanishes for large n.
Recall that F n,d is the graph obtained from a complete graph K d of d nodes and n − d isolated nodes by connecting
each isolated node to one (and the
 d same node) of K d via one link. The number of links m in this graph is determined by
+ (n − d). Since F n,d contains K d as a subgraph, the largest real eigenvalue of F n,d is
the size d of the clique, m(d) =
2
larger or equal to the one of K d , which is λPF ( K d ) = d − 1. Therefore, total proﬁts of the graph F n,d are bounded from below
as follows: Π( F n,d ) = nλPF ( F n,d ) − 2m(d)c  n(d − 1) − 2m(d)c. Since this inequality is valid for any integer d, such that

k

+ (n − k)
1  d  n, we are interested in the value of d such that d = arg max1kn {n(k − 1) − 2m(k)c }, where m(k) =
2
and k ∈ N. By computing the ﬁrst and second derivatives of the concave objective function n(k − 1) − 2m(k)c with respect
3c
3c
. Note that if n+
> n, then the maximum occurs at k = n. For our
to k, one ﬁnds that its maximum occurs at k = n+
2c
2c
n
for large n.
purposes, one can take d as the closest integer to this value. Notice that, as a consequence, d converges to 2c
3c
in the expression of Π( F n,d ), we obtain a lower bound, which is independent of d, and given by
Replacing d = n+
2c

Π( F n,d , c ) 

n2 + n(2c − 8c 2 ) + 9c 2
4c

(21)

.

Next, note that the number of links maximizing the upper bound of Eq. (19) for c  1/2 is given by m =
n(n−1)
,
2

n(n−1)
.
8c 2

For c  1/2

corresponding to the complete graph K n . Inserting this speciﬁc value for the number of links into the upper
this is
bound on aggregate proﬁts delivers an upper bound for the eﬃcient graph G ∗ , which is independent of m, and given by

 n(n − 1)

Π G ∗, c 
.
4c

We know that Π( F n,d , c ) 

=

n2 +n(2c −8c 2 )+9c 2
.
4c

Therefore, denoting by d∗ = arg maxd Π( F n,d , c ), we ﬁnd that

Π(G ∗ , c ) − Π( F n,d∗ , c ) Π(G ∗ , c ) − Π( F n,d∗ , c )
c 2 (8n − 9) − n − 2nc


.
Π(G ∗ , c )
Π( F n,d∗ , c )
n2 + 2nc − c 2 (8n − 9)

For large n, the right-hand side of the above inequality converges to zero, and so does the relative error

.

2

Proof of Proposition 4. (vi) In a dominant-group architecture D n,k with n  k + 2 there is at least a pair of isolated nodes.
A link between two isolated nodes results in λPF = 1 and is thus proﬁtable as long as c < 1. Therefore, D n,k , n  k + 2, is
not stable for c ∈ [0, 1). In general, it follows that any network with two or more isolated nodes is not stable in the cost
range c ∈ [0, 1).
In the case of n = k + 1, D n,k consists of a clique and an isolated node. The largest eigenvalue of the graph resulting
from connecting the isolated node to one node in the clique is given by the largest root of the polynomial λ3 + λ2 (n −
2) − λn + (n − 2), which is given by λ = 16 (4 − 2n + 24/3 (4 − n + n2 ) A −1 + 22/3 A ), where A = (70 − 33n + 3n2 − 2n3 +

√

3 516 − 492n + 141n2 − 42n3 + 9n4 )1/3 . From the expression for λ one ﬁnds that there exists a bound c 1 (n) = λ − (n − 1)
such that for c > c 1 (n) the creation of the link is not proﬁtable. For D n,k to be stable, it must also hold that no link
within the√clique is removed. From the proof of Proposition 8 in König et al. (2011), this holds if and only if c < c 2 (n) =
1
(n + 1 − n2 + 2n − 7). Note that c 2 (n) < 1 for all n. There exist values of c such that c 1 (n) < c < c 2 (n) < 1 and therefore
2
in this range of cost D n,k is stable if n = k + 1 but is not stable if n  k + 2. We ﬁnd that the range of suitable values of n
decreases with the cost. For instance, for c = 0.05 the structure is stable for 5 < n < 50, while for c = 0.2 it is only stable
for 4  n  10.
(vii) This is shown in the ﬁrst part of the proof of (vi). 2
Proof of Proposition 5. (i) From Proposition 1, item (ii), we know that the complete graph is the unique eﬃcient graph for
c  2nn−1 . This bound is equivalent to n  ∞ for 0  c  0.5 and n  2cc−1 for 0.5 < c  1. This implies that the complete
graph is uniquely eﬃcient in the region to the left of the dotted curve g (c ) = 2cc−1 in Fig. 4. On the other hand, Proposition 8
2−c (1−c )
,
c
2−c (1−c )
,
or
c

in König et al. (2011) implies that the complete graph is not stable for n > 

that is, above the curve f 1 (c ) in Fig. 4.
2−c (1−c )

if c > 0.5 and
< n  2cc−1 . In
It follows that the unique eﬃcient graph is not stable if c  0.5 and n >
c
Fig. 4 this corresponds to the region above curve f 1 (c ) and to the left of curve g (c ).
(ii) Let G be a connected nested split graph and denote by λPF (G ) = λPF (G ) − λPF (G − i j ) for a link i j in G. Further, let
v be the eigenvector associated with λPF (G ), normalized such that v v = 1. Then we have that





λPF (G ) = v λPF (G ) − λPF (G − i j ) v  v A(G ) − A(G − i j ) v = 2v i v j ,
where we have used the fact that λPF (G − i j ) > v A(G − i j )v as long as v is not an eigenvector of A(G − i j ) with eigenvalue
λPF (G − i j ), as follows from the Rayleigh–Ritz theorem (Horn and Johnson, 1990). It is enough to prove that there exists at
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least one link that is beneﬁcial to remove. Choosing i such that v i = v max and j such that v j = v min (where v max and v min
denote the largest and smallest eigenvector components, respectively), we obtain λPF (G )  2v max v min .
Recall that  and δ denote the maximum and minimum degrees in G. The nested neighborhood structure of G implies
that the node with maximal (minimal) eigenvector centrality has also maximal (minimal) degree: di =  and d j = δ . Using

the fact that in a connected nested split graph v min = λ 1(G ) k∈ N j v k  λ δ(G ) v max , we obtain λPF (G )  2v 2max λ δ(G ) .

√

PF

PF

PF

Moreover, Papendieck and Recht (2000) have shown that v max  1/ 2, so that we obtain

λPF (G ) 

δ
,
λPF (G )

(22)

which converges to zero as n becomes large (for a ﬁxed value of δ ) since λPF (G ) increases with n for a connected nested
split graph.

2
For larger values of δ we use the fact that v i  1/ 1 + λPFd(G ) .38 In our case this implies that
i

λPF (G )  

2

(1 +

( G )2

λPF


)(1 +

λPF (G )2
)
δ

(23)

.

Since G is connected and contains a spanning star as an induced subgraph, we have that  = n − 1.
Next, we observe that if the minimum degree in G is δ , then the stepwise property of the adjacency matrix of G implies
that G contains δ spanning stars (with distinct centers) as subgraphs. Let us denote this graph by S n,δ ⊂ G. The adjacency
matrix for a graph S 5,2 (δ = 2) is shown below:

⎛

⎞

0 1 1 1 1
⎜1 0 1 1 1⎟
⎜
⎟
A( S 5,2 ) = ⎜ 1 1 0 0 0 ⎟ .
⎝1 1 0 0 0⎠
1 1 0 0 0
A similar calculation as the one in the proof
 of Proposition 8 in König et al. (2011) shows that the largest eigenvalue of
S n,δ is given by λPF ( S n,δ ) = 12 (n − 1 − δ + (n − 1)2 + 2δ(n + 1) − 3δ 2 ). Inserting the above expression into Eq. (23) shows

2
. For the case of δ = 2 Eq. (22) shows that the change in eigenvalue
that in the limit of large n we have that λPF (G )  δ+
1
converges to zero as n becomes large. Hence, we need to consider only δ  3, where it follows that λPF (G )  0.5.

8c )+9c
(iii) From Eq. (21) we know that Π( F n,d , c )  n +n(2c −
, which is a lower bound for aggregate proﬁts of the
4c
eﬃcient graph G ∗ . We have that Π( F n,d , c ) > 0 – which implies that the eﬃcient graph is non-empty – as long as c <
2

n+2

√

2n2 (n−1)
.
8n−9

2

2

However, for c > 1 the empty graph is the unique stable network. Hence, the eﬃcient network G ∗ is not

stable if 1 < c <

n+2

√

2n2 (n−1)
.
8n−9

Note that the upper bound in the last inequality is larger than 1 if n > 3.

2
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